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A Work in Progress

Pes

This chapter describes theoretical and practical issues associated with the
development and use of a rating scheme for the purpose of analysing
mathematical problems—specifically, to assess the extent to which solving those
oroblems calls for the activation of a particular set of mathematical competencies.
The competencies targeted through the scheme are based on the mathematical
competencies that have underpinned each of the PISA Mathematics Frameworks.
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Pas

The scheme consists of operational definitions of the six competencies
(labelled as communication(;&#); devising strategies(sx5T R IE);
mathematisation(2XY221L); representation(ZR#H); using symbols, operations and
formal language(FARF5R » BEKMAZIVIEEES); and reasoning and argument(#IE Bl

=D\ 9%

sfaz ), descriptions of four levels of activation of each competency, and examples
of the ratings given to particular items together with commentary that explains

how each proposed rating is justitied in relation to the competency definition and
level descriptions.
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Figure 3.1 = A model of mathematical literacy in practice

Challenge in real world context

Mathematical content categories:
Quantity; Uncertainty and data; Change and relationships; Space and shape

Real world context categories: Personal; Societal; Occupational; Scientific

Problem Mathematical
=D
El:l: 1E Evaluate 'é')i\ %IE Employ
Results H Mathematical
in context Interpret results

Source: OECD (2013), PISA 2012 Assessment and Analytical Framework, http://dx.doi.org/10.1787/9789264190511-en.
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The competency flower

JERT (Niss) #falt 7 I DATEREE2EEIRY TRENREEY, » HEFEES]F]
PAR BEA S WP B R LB EENIZERIRREN -

1. Mathematical Thinking (BY2E3&)
2. Mathematical reasoning(E{ 2 #I1E)
3. Communication(;&i8)
4. Modelling(i21&)

5. Problem posing and solving(#t%8 - ##z8)
6. Representation(ZR1E)

/. Using symbolic, formal and
technical language and operations(&~F5fk » TV EFIRHREES M E
8. Use of aids and tools({E FHEHEN T &)
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Table 4.1 Initial set of variables proposed for item difficulty research (Blum and de Lange 2003)

Variable

Possible level definitions

Surface features of
items

1. Mathematical topic

1 Arithmetic, 2 algebra, 3 geometry,
4 probability and statistics

2. Overarching idea

I Quantity, 2 change and relationships,
3 space and shape, 4 uncertainty

3. Item format type

1 Multiple choice, 2 closed constructed,
3 open constructed

4, Context type

0 zero, 1 intra-mathematical, 2 quantities,
3 close to reality, 4 authentic

Cognitive demand
characteristics of
items

| 5. Concept images
(“Grundvorstellungen”)

0 none, 1 only one elementary, 2 several
elementary or one non-elementary, 3 more

- PISA competencies

needed

6. Extent of solution 1 only one step, 2 two or three steps,
process 3 more

7. Argumentation compe- 0 none, 1 moderate, 2 substantial
tency needed

‘8. Modelling competency 0 none, 1 moderate, 2 substantial
needed

9. Communication com- 0 none, 1 moderate, 2 substantial

- petency needed

10-14 ... See remaining 0 none, 1 moderate, 2 substantial




Using Competencies to Explain Mathematical ltem Demand:

Features of an ltem
Analysis Scheme

(EMEG R AR T BIMERE - H— LA AT B A SIS T S

A Work in Progress
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“2 3. Item format type

4. Context type
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Building Competency Definitions and Level

Descriptions

PISARY/\TESHERBE S (OECD 1999) AIBEMUDT—ATISHE(EFE - i
FhEEHIAR R BIZPTIR L EARE D BRARITR K » 1R 1 7 #EES - b 4 Y
HiE 8 EHE N BB B A 6K -
HIEHEmaEreasoning and argument (B3EEE B4 - HIE > FRetliEE)
BiEcommunication; EiEmodelling; ZEErepresentation; 2R E Eproblem solving ;
HEARRE » 2TV ERIRHREES RiE R using symbolic, formal and technical language and operations

(M4 TRERMAZNER) ) o

T
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mathematical thinking and mathematical reasoning were combined into one

the mathematical aids and tools competency was dropped as being inappropriate in the context of PISA

tasks, which at that time were all paper-based.




Appendix 1: Initial Competency Definitions and Level

Descriptions (April 2005) PO(
E3E IR
Reasoning and Argumentation: Logically rooted thought processes that explore and connect N ratey . ympo A 451
problem elements to work towards a conclusion, and activities related to justifying, and WIEMNFmEE © #EE LR BHEBRE - ARKRE
explaining conclu.snons§ can be part of problem sol\fmg Procc;ss *D Hﬁ % ﬁ:ﬁ E%L /{ _| ,g“:él: ;ﬁ T Fi!lﬁiﬁ £ Eﬁ E?é *D ﬁZIJ:
0: Understand direct instructions and take the actions implied R o oo
1: Employ a brief mental dialogue to process information, for example to link separate *En\l:l g E Eﬁ El’] /] @J TL/{ BZ#_& cﬁ Eﬂtp u%i@*f EI/\]
components present in the problem, or to use straightforward reasoning within one aspect of the L B
problem

2: Employ an extended mental dialogue (for example to connect several variables) to follow or
create sequential arguments; interpret and reason from different information sources
3: Evaluate, use or create chains of reasoning to support conclusions or to make generalisa-
tions, drawing on and combining multiple elements of information in a sustained and directed
way -
/ SEESF L 7 IAT N = - Yo
Communication: Decoding and interpreting stimulus, question, task; expressing conclusions /%i—ﬂq:ﬁ% *D Gl s *Eﬁu /7%[ ’ FEﬁL«E. ’ 'f %73 ) %( n\l:l i

0: Understand short sentences or phrases containing single familiar ideas that give immediate
access to the context, where it is clear what information is relevant, and where the order of
information matches the required steps of thought

1: Identify and extract relevant information, and use links or connections within the text, that
are needed to understand the context, or cycle between the text and other related representation/
s, some reordering of ideas may be required

2: Use repeated cycling to understand instructions and decode the elements of the context;
interpret conditional statements or instructions containing diverse elements; actively
communicate a constructed explanation

3: Create an economical, clear, coherent and complete presentation of words selected to
explain or describe a solution, process or argument; interpret complex logical relations
involving multiple ideas and connections

18
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17
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2009/2011/2011

Descriptions

2011 RS 7 E=HEFT ° ZaT D =HAFRE XN AR ER2011FE(ERZETEIRIZETREIER -
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RZ— o BEEENINFETE EUﬁSZLJE miVER (MELBNDITFENRE) » MAsRMNEINERIEE T
AZEZIEIEA o TEM4HS WEEJ%B?‘E%TH*E?‘@HJ BNZREEE NFIENZEM1EBE S representation and
mathematisation » AEAFEAERIREEANAE (EEEWNIERT » ERERINSEREE - HEiras
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Descriptions
NissE11(8) (April 2005) (May 2013)
1. Mathematical Thinking ===\ Reasoning and Argumentation: W1, Communication:

2. Mathematical reasoning_—"" 2. Communication: 2. Devising strategies:

3. Communication 3{_Modelling; —emmeeee—m—=——"% 3. Mathematising: _

4. Modelling W4 Problem solving: = 4 Representation: ]

5. Problem posing and solving 5( Representation: | W5, Using symbols, operations
6. Representation W 6. Symbols and Formalism: and formal language:

7. Using symbolic, formaland 2009 6. Reasoning and argument:

technical language and operations
8. Use of aids and tools
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KOM project (KOM=Kompetencer og matematikleering, in Danish, which

means “Competencies and the learning of mathematics”),
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Representation: Concrete expression of an abstract idea, object or action; a transformation or
mapping from one form to another; can be part of modelling or PS
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Problem solving: The planning, or strategic controlling, and implementation of mathematical
solution processes, largely w1thm the mathematlcal world

Symbols and Formalism: Activating and using

special rules (e.g{ mathematlcal convenuons)
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Appendix 2: Competency Definitions and Level Descriptions

) (May 2013)
AETEEA
' ﬁé*‘:T\ZEfW:‘ SE LERESHIKFE
dx . r £ APAN = Communication: The communication competency has both ‘receptive’ and ‘constructive’
L/UE = HU EI/J 1’]5%};2/ U= ﬂE% 7_ components. The receptive component includes understanding what is being stated and shown
ANEFERIENEZMERAR » LU/ DB E 22 rell‘atefl :'0 the t.natl.lemalltical obje;tiv:s of ::e task, inc;u:ing the mathematic;zl ?:guage used,
n — = %EE A what information is relevant, and what is the nature of the response requested. The constructive
EX H Eil EI,] 13 F':ﬁ EEI VRIS Bﬁﬁ’_z%ﬂ T component consists of presenting the response that may include solution steps, description of the
I‘E-=-EI Al EI/' BE j] o E*D 7J<—|—E|/J }** 77 b = HQ:\L reasoning used and justification of the answer provided.
PN - _— In written and computer-based items, receptive communication relates to understanding text
2= ;\é.'lﬂ:ﬁﬁ /<|:|'|'== ’ 7:_ ﬁ’-‘F lii_-_i@, 157 HJM 0 and images, still and moving. Text includes verbally presented mathematical expressions and
: ﬁﬁ%’*fﬁ Ell‘] A5 B ﬁﬁ Hy E/J?L_;E o > /{_F 2 EU ;1;: }:s:n (l;cdif:;ac:tli:) mathematical representations (for example titles, labels and legends in
faal ¢ 5%5T S| E BFE P U0 E ¥ 35 LR (continued)
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Using Competencies to Explain Mathematical ltem Demand:

A Work in Progress

Building Competency Definitions and Level
9 P Y /J\%EQEE

Descriptions

NissBE77(8) (April 2005) (May 2013)

1. Communication:

WwReasoning and Argumentation:
. Communication:

1. Mathematical Thinking === v 2. Devising strategies:

2. Mathematical reasoning "

-3 3. Mathematising:

3. Communication . Modelling: —ommmmmeme=

4. Modelling
. Problem posing and solving
. Representation

oroblem solving: =~ - 4. Representation:

Representation: 5. Using symbols, operations

oUW N R

. Symbols and Formalism: and formal language:

N Oy O

. Using symbolic, formal and 6. Reasoning and argument:

technical language and operations
8. Use of aids and tools




Fundamental Mathematics Competency Variable Rating Scales

Symbols and Formalism

Variable

Level 0

Level 1

Level 2

Level 3

Symbols and Formalism
[Understanding, manipulating,
and making use of symbolic
expressions within a
mathematical context (including
arithmetic expressions and
operations), governed by
mathematical conventions and
rules; understanding and utilising
constructs based on definitions.
rules and formal systems. |

No mathematical rules or
symbolic expressions need to
be activated bevond
fundamental arithmetic
calculations, operating with
small or easily tractable
numbers.

Make direct use of a simple
functional relationship, either
implicit or explicit (for
example, familiar linear
relationships); use formal
mathematical symbols (for
example, by direct substitution
or sustained arithmetic

calculations involving fractions

and decimals) or activate and
directly use a formal
mathematical definition,
convention or symbolic
concept.

Explicit use and manipulation
of symbols (for example, by
algebraically rearranging a
formula); activate and use

mathematical rules, definitions,

conventions, procedures or
formulae using a combination
of multiple relationships or
symbolic concepts.

Multi-step application of
formal mathematical
procedures; working flexibly
with functional or involved
algebraic relationships; using
both mathematical techmique
and knowledge to produce
results.

Representation
Variable Level 0 Level 1 Level 2 Level 3
Representation Directly handle a given Select and interpret one Translate between or use two | Understand and use a non-

[Interpreting, translating
between, and making use of
given representations; selecting
or devising representations to
capture the situation or to present
one’s work. The representations
referred Lo are depictions of
mathematical objects or
relationships, which include
equations, formulae, graphs,
tables, diagrams, pictures. textual
descriptions, concrete materials]

representation, for example
going directly from text to
numbers, reading a value
directly from a graph or
table, where minimal
interpretation is required in
relation to the situation.

standard or familiar

representation in relation to a
situation.

or more different
representations in relation to a
situation, including modifying
a representation; or devise a
simple representation of a
situation.

standard representation that
requires substantial decoding
and interpretation; or devise a
representation that captures the
key aspects of a complex
situation; or compare or
evaluate representations.

Problem Solving

Variable Level 0 Level 1 Level 2 Level 3
Solving Problems Take direct actions, where Decide on a suitable strategy Construct a strategy to Construct an elaborated
Mathematically the strategy needed is stated | that uses the relevant given transform given information to

[Selecting or devising, as well as
implementing, a mathematical
strategy to solve problems arising
from the task or context. |

or obvious.

information to reach a
conclusion.

reach a conclusion.

strategy to find an exhaustive
solution or a generahised
conclusion; evaluate or
compare strategies.




Modelling

Variable

Level 0

Level 1

Level 2

Level 3

Modelling

[(Mathematising an exira-
mathematical situation (which
includes structuring, idealising,
making assumptions, building a
model). or making use of a
given or constructed model by
interpreting or validating it in
relation to the context.]

Either the situation is purely
intra-mathematical, or the
relationship between the real
situation and the model is not
needed in solving the problem.

Interpret and infer directly from
a given model; translate
directly from a situation into
mathematics (for example,
structure and conceptualise the
situation in a relevant way,
identify and select relevant
variables, collect relevant
measurements, make

Modify or use a given model to
satisfy changed conditions or
interpret inferred relationships:
or choose a familiar model
within limited and clearly
articulated constraints; or
create a model where the
required variables.
relationships and constraints

Create a model in a situation
where the assumptions,
variables, relationships and
constraints are to be identified
or defined, and check that the
model satisfies the
requirements of the task;
evaluate or compare models.

diagrams). are explicit and clear.
Communication
Variable Level 0 Level 1 Level 2 Level 3
Communication Understand a short sentence or | Identify and extract relevant Use repeated cycling to Create an economical, clear.

[Decoding and interpreting
statements, questions and tasks;
including imagining the
situation presented so as to
make sense of the information
provided; presenting and
explaining one’s work or
reasoning.}

phrase relating to a single
familiar concept that give
immediate access to the
context, where it is clear what
information is relevant, and
where the order of information
matches the required steps of
thought.

information. Use links or
connections within the text that
are needed to understand the
context and task. or cycle
within the text or between the
text and other related
representation/s. Any
constructive communication
required is simple, but beyond
the presentation of a single
numeric result.

understand instructions and
decode the elements of the
context or task; interpret
conditional statements or
instructions containing diverse
elements; or actively
communicate a constructed
description or explanation.

coherent and complete
description or explanation of a
solution, process or argument;
interpret complex logical
relations involving multiple
ideas and connections.

Reasoning and Argument

Variable

Level 0

Level 1

Level 2

Level 3

Reasoning and
Argumentation

[Logically rooted thought
processes that explore and link
problem elements so as to
make inferences from them. or
to check a justification that is
given or provide a justification
of statements. |

Make direct inferences from
the mstructions given.

Reflect to join infoarmation to
make inferences, (for example
to link separate components
present in the problem, or to
use direct reasoning within one
aspect of the problem).

Analyze information (for
example to connect several
variables) to follow or create a
multi-step argument: reason
from linked information
sources.

Synthesise and evaluate, use or
create chains of reasoning to
justify inferences or to make
generalisations. drawing on and
combining multiple elements of
information 1in a sustained and
directed way.

Acknowledgement: ACER would like to acknowledge the PISA Mathematics Expert Group for permission to trial and develop this rating scheme with advanced mathematics examination

questions.
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Competency Definitions

Table 4.2 Development of communication definition =4.2 > LB BEE I ESBNERIEATH o BEE RN
Communication AR ZINEE A e A8 BE N RIE T » E R 1T K
2005a | Decoding and interpreting stimulus, question, task; expressing conclusions = /M ﬁ:ﬁ ;zl:l : 3@ $E; ZF:I\E jj E% =1 EI% Erfxz = mz 5 _H_—,‘/:E EI% %(

2005b ' Decoding and interpreting stimulus, question, task; explaining one’s work, expressing ~

conclusions 55 - FEMS IR - BRI - (8

2006  Decoding and interpreting statements, questions and tasks; including making sense of

; the information provided; presenting and explaining one’s work or reasoning % ) T&% }ﬂz/-\ 22&2321 |:, fo ;% & 'f Si Fmﬁ o8 Bﬁi_ EI’] Uﬁ }”:b
2007  Decoding and interpreting statements, questions and tasks; including imagining the E}g%ﬂ; % jj E/J_:ZB AN j][l \/{ % }%\ , HE }% &5 ’E IJ_'_IZEIEI ﬂ'—“ylj:

“situation presented so as to make sense of the information provided; presenting and

explaning one’s work or reasoning MRBAERNIST - SERT MR (1

2011a ' Decoding and interpreting statements, questions, tasks and objects; imagining and

“understanding the situation presented and making sense of the information provided; 1_.311:_2 HH E/‘] W ‘/ﬁ\‘) EZEI:‘_I'z 01 3 - El/] H:% ’ Ext% E :1i pX
; presenting and explaining one’s mathematical work or reasoning ¥ =7 - TH - 947 T < 73 h
2011b  Reading, decoding and interpreting statements, questions, tasks and objects; imagining F'lt’jj El] *KRTU_ El] E—“ IEBQT‘_I ﬁtl:{ %J _k F:ﬁ ﬂ'-“lz Z8 %
“and understanding the situation presented and making sense of the information pro- D E{% HY o ﬁ,ﬁZ:IET'_ ﬂa’: SRASEE | o IH ﬂﬁF{ PSS
| vided; presenting and explaining one’s mathematical work or reasoning — _‘_' ) L
2013 | Readmg and interpreting statements, questions, instructions, tasks, images and objects RAE EE% a4 mﬁﬁ E/] %&%/u\% *D 'ﬂE E/] ZIKHU

imagining and understanding the situation presented and making sense of the infor- = %/ T
“mation provided including mathematical terms referred to; presenting and explaining EI:’_‘E - IH‘H B 1§ El]’ L"%_ﬂ] ——ﬂE Hrj*ﬁ}ﬂz, \ﬂﬂ jj El] B

- one’s mathematical work or reasoning 6'3\ o
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Competency Definitions

Table 4.3 Development of the devising strategies for solving problems definition

£3R4.3% > 51 T EXGETRISEE /IR - MR ERE

. e NG
Devising strategies for solving problems (originally labelled ‘Problem solving’) ﬁ E jj ( Problem solvin g )EI’J 7|E X = E‘\Eﬁ% %z = J:ﬁif: 7N F':ﬁ
2005 | The planning, or strategic controlling, and implementation of mathematical solution ) ,Zj‘i 1§ an -L'|' It ﬂt?: ;51 ﬁ:ﬁ s EI/\] ’j:‘—-%_ © L;FE;,ZZZ,{ |:, Y4 Hy% e S

processes, largely within the mathematical world - . .
2006 | Selecting or creating a mathematical strategy to solve problems arising from the task or EEI’J $‘; *57 ’ ﬁ\j ﬂt?: /7 \7_-’_ 7S EI/J L$E EH: -’Lj"‘ ; EI/J Ea /L EE;

context; successfully implementing the strategy |"|:T_| E-l- %U ;Z[ 15_[ ﬂg ;5:\L iE & , E-l_ %U ﬂg ;517‘7—_K «( \/{& ;Fﬁ”;,‘_"i"
2007 | Selecting or devising, as well as implementing, a mathematical strategy to solve prob- L N 3 . o

lems arising from the task or context H]QEEE E/‘_ = *E © JH:; I,E\EEEQ = Ef%rﬂb %:: = \: H/\ﬁ'ﬁ == EI/]
2013 | Selecting or devising a mathematical strategy to solve a problem as well as monitoring oo A 3P 2o b TE BB

and controlling implementation of the strategy j?’ H]a’ il & JJ: bgﬂbﬁ \ iﬂ—%% AU El] ==’ / -7 "':

;r
Imll

RIRIET "v SRR ERTIR 2 ELERHEIE > EED
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RAAZHELERNEE - TE%&] (modelling)—

SEE—ENEH  BIEFSAROT - ERER

Table 4.4 .I?evelo;?nrfent of the mathematisi.ng definition *ﬁﬁﬁﬁ EI/J )5 FI.E 7’7——; (/j EI% /\ T ,ﬂ:’ %Q 2] }:E:E g : ﬂu ;FE EH:I
Mathematising (originally labelled ‘modelling’) ; ,A,\;Z'f ) S %‘ Em‘- *I:H: ﬂEL_:I—dzEl ,J E\EQ = 7_ H%‘ =@ “ .--.

2005 | Mathematising, interpreting, validating
a_ e Y = ﬂ .\.E LN ﬂ
2006 | Mathematising an extra-mathematical situation, or making use of a given or constructed / J \ UL LH\H EI/J B ( = % 3 E ) ’ JJ:I: B

model by interpreting or validating it in relation to the context = B SE 35 —
-~ H
2007 | Mathematising an extra-mathematical situation (which includes structuring, idealising, W =/ %& % TZ Fﬂ

making assumptions, building a model), or making use of a given or constructed model IEE i?ﬂ $E_§ }i% %f[ /ﬁ EI/] '/L_|/: EJ"R ( 1 =1 EI/] [/ -\i'ftj

'EI'

S

by interpreting or validating it in relation to the context -
2013 | Translating an extra-mathematical situation into a mathematical model, interpreting 'z’~—$5) _J-ME EH:E xS /X Hy:\l EI/] W =70 /%\1@ IE% EI/] %z ' L"
outcomes from using a model in relation to the problem situation, or validating the ,ZLE_ ﬂ THZ %% ( 15 Ell‘] ﬂ’-zlj: %% I ) o ; 3 }% L*E; }zE]\E jj )ﬁﬁ- ﬁE

adequacy of the model in relation to the problem situation

ERIRASEE = BRIER - E%E'ﬁﬁEJE’JW§' H}ER
ELZEFEEREBNEIRE - ERINTFEERHNEANE
AT IE ~ EI2RMAVE 1?%&%&5% T R EANEEZ

Tz EHERHEEN DR -
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Competency Definitions

Table 4.5 Development of the representation definition

Representation

2005

Concrete expression of an abstract idea, object or action; a transformation or mapping
from one form to another; can be part of modelling or problem solving

2006

Interpreting, translating between, and making use of given representations; selecting or
devising representations to solve problems or to present one’s work

2007

Interpreting, translating between, and making use of given representations; selecting or
devising representations to solve problems or to present one’s work. The representations
referred to are depictions of mathematical objects or relationships, which include equa-
tions, formulae, graphs, tables, diagrams, pictures, textual descriptions, concrete
materials

2011

Interpreting, translating between, and making use of given mathematical representations;
selecting or devising representations to capture the situation or to present one’s work.
The representations referred to are depictions of mathematical objects or relationships,
which include symbolic or verbal equations or formulae, graphs, tables, diagrams

2013

Decoding, translating between, and making use of given mathematical representations in
pursuit of a solution; selecting or devising representations to capture the situation or to
present one’s work

RASHREFERIICNE - EiEEE I UF IR
A BRI NIBRAKR » BREERES—IRE
ZHEEES] - B EZIRETAEF - ZER
I EE LT 2 e AR BB R Pl gE L IRV EE 22
MEBLIVRIEER - [RIBERERY M ZEENR]
AR TR A E AL R S RAE
HEE] o
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Competency Definitions

Table 4.5 Development of the representation definition

Representation

2005

Concrete expression of an abstract idea, object or action; a transformation or mapping
from one form to another; can be part of modelling or problem solving

2006

Interpreting, translating between, and making use of given representations; selecting or
devising representations to solve problems or to present one’s work

2007

Interpreting, translating between, and making use of given representations; selecting or
devising representations to solve problems or to present one’s work. The representations
referred to are depictions of mathematical objects or relationships, which include equa-
tions, formulae, graphs, tables, diagrams, pictures, textual descriptions, concrete
materials

2011 | Interpreting, translating between, and making use of given mathematical representations;
selecting or devising representations to capture the situation or to present one’s work.
The representations referred to are depictions of mathematical objects or relationships,
which include symbolic or verbal equations or formulae, graphs, tables, diagrams

2013 | Decoding, translating between, and making use of given mathematical representations in

pursuit of a solution; selecting or devising representations to capture the situation or to
present one’s work

RASBREEBMINE -

ERENNRIG/KEF LS > EEESE S EETERR

78 > APRTEBERTRATFEZENREZRIEERD

EEES K ERNHREERERERGTHEREBAMIE
JAERE > ARS 75 =B RIMAF AL REE

ZEHRABERENIAK - AT ERIMRARIAZFETD
WBEEENXRN (EWER2iRs) PEE TR
(decoding)) » [E&EH(devising)s #0 @4

(manipu

ER RS
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Competency Definitions

Table 4.5 Development of the representation definition

Representation

2005

Concrete expression of an abstract idea, object or action; a transformation or mapping
from one form to another; can be part of modelling or problem solving

2006

Interpreting, translating between, and making use of given representations; selecting or
devising representations to solve problems or to present one’s work

2007

Interpreting, translating between, and making use of given representations; selecting or
devising representations to solve problems or to present one’s work. The representations
referred to are depictions of mathematical objects or relationships, which include equa-
tions, formulae, graphs, tables, diagrams, pictures, textual descriptions, concrete
materials

2011

Interpreting, translating between, and making use of given mathematical representations;
selecting or devising representations to capture the situation or to present one’s work.
The representations referred to are depictions of mathematical objects or relationships,
which include symbolic or verbal equations or formulae, graphs, tables, diagrams

2013

Decoding, translating between, and making use of given mathematical representations in
pursuit of a solution; selecting or devising representations to capture the situation or to
present one’s work
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Competency Definitions U
=A4.6FFIE T {E » BREAD

FRARR > JIVeB = BE 1 ER
HISZRRABIE ° BZEE ) RAWIMBIREC RIERPISANEIRH

Table 4.6 Development of the using symbol, operations and formal language definition

(ERMESE R RRIRES IR B (using

2005 | Activating and using particular forms of representation governed by special rules Sym boll < formal and technical lan guage an d

(e.g. mathematical conventions) operations) > 28 = AR A T o A3 ZII\,__?dz AES] o

2006 | Understanding, manipulating, and making use of symbolic expressions (including using & B - BE g = ok
arithmetic expressions and carrying out computations), governed by mathematical con- = yl:l 'Z“\ E l=l:Et iﬁlx E/\]Ejj% //\H:El ~ 0L \\E\ j\imﬁjbjj

}fenti;)lns and rules; understanding and utilising constructs based on definitions, rules and E/J IE% %\_ =2 2] % if iﬁ T“%‘( B Z" Vi [ //\ —Vf - 7{5 *':' (41
ormal systems

Using symbols, operations and formal language

~
\

2011 | Understanding and implementing mathematical procedures and language (including EI% fi_l‘-'% L,EE i%T) \/{&tki_l‘:% uﬂ]} /I\,__%EﬁEj] HH '“',é‘\\ M-k
symbolic expressions and arithmetic operations), governed by mathematical conventions H E5 %
and rules; understanding and utilising constructs based on definitions, rules and formal 5}:%% 7T\ (7:_ 1 E EI/J r1 2t *E H ) EEFE’I ==ﬂ§&¥

lml
[
m]

systems jj E/J SEE 7T

2013 | Understanding and implementing mathematical procedures and language (including S8 31 7 oz Ju L
symbolic expressions, arithmetical and algebraic operations), using the mathematical ii_ E éi = H UBA ﬁj%% ﬂE/‘J % s I\ 1 U H%‘ ﬂ:b E jj E/‘J

' d rules that them; activating and using knowledge of definitions, == g _ -
" tiﬁ?:sa:ndrﬁ,ﬁialzyﬁfﬁ;n ot AEIVATIG ANT TOME THoWRaee Of IO, BENER R ERTEF o RAIFIER] » RERREIRFEE

DB EES o
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Table 4.7 Development of the reasoning and argument definition N LA L3¢ e — s
- HEIE M 5 aE € FRAVEZ RACERE RS 7TH o
Reasoning and argument

2005 | Logically rooted thought processes that explore and connect problem elements to work
towards a conclusion, and activities related to justifying, and explaining conclusions; can [RT 1 - 2 }:,jzgzgﬁ{ e "‘:IE ;‘H?H’ 'ﬂ] }J’E' )ﬁﬁ- E’J EI:/E EE/EL\,EI\,% Egj:”] 7.7‘5
= a]

be part of problem solving process N el
BERSMER/ES - *"F R

2007 | Logically rooted thought processes that explore and link problem elements so as to make —| L/{g r B

inferences from them, or to check a justification that is given or provide a justification of - =N '=‘5' = 7 | m =
padinmii HXEEF > S8 :: atdz'f__rﬁﬂ AEJIBV(ZE " £ j(*i =
2013 | Drawing inferences by using logically rooted thought processes that explore and connect 1 __l- LM & » IR E ’f‘.l'Eﬁv 1R fEE* TJ-A *EEHE jj |_L.| §E ﬁji_%\
problem elements to form, scrutinise or justify arguments and conclusions 153 El ,J % 7|:++ o] EI:‘_I' ﬁ& = fE k , [E ﬂ:b 'ﬂ /{ — E /,Z\ 5 iﬁ_
§ I/\ S = = I == . =L

'/L/Fﬁzlﬁ ©




Using Competencies to Explain Mathematical ltem Demand:
A Work in Progress

Level Descriptions

oMol E TR EENERE T AT 127J< ? ERABEDIETEINE _EEXEER » EXNR—MRENER °
A EZETEIEEET » WARR—HE %D AT FHRY A 2= 2R 41 ‘_17J< EI’JJE il LA RRE 7 BEJHIERAIEK
HEELE o HRATLEEEEE ) H E%F&H’JF‘:-‘?EE EEMERAD  YEEERBEAKELER > mEEL
HEREER > HEEAAES

I I‘

}

\
- A=
i%mﬁ ©

y 4%

0

0: Understand short sentences or phrases relating to concepts that give immediate access to the
context, where all information is directly relevant to the task, and where the order of infor-

+4 — = Y2 mation matches the steps of thought required to understand what the task requests. Constructive
7'_' ZIK B[l M- Hj‘j: ,zL_lT- TJ-/Q\ AL % 7\ *Ei BE jj E/] /I\ | EIJ ?7}( E/\] IjJ HE © communication involves only presentation of a single word or numeric result
1: Identify and link relevant elements of the information provided in the text and other related
7__ L x _F I:ZB E’j r 7‘7_ E’j r_ H j: = 1 T e -u:b —~ 1§ |J %1& J H\ Eﬁ 7_ i representation/s, where the material presented is more complex or extensive than short
< eny 1l J REI7N o /_I_\ H — sentences and phrases or where some extraneous information may be present. Any constructive
communication required is simple, for example it may involve writing a short statement or
calculation, or expressing an interval or a range of values

2: Identify and select elements to be linked, where repeated cycling within the material
presented is needed to understand the task; or understand multiple elements of the context or

5 * \ At . . . . - . . - . . .
| = E \ task or their links. Any constructive communication involves providing a brief description or
= F.II:, . . .

explanation, or presenting a sequence of calculation steps
Y ¥ax =
v 123
0 FIKEZEE

3: Identify, select and understand multiple context or task elements and links between them,

;K E,J involving logically complex relations (such as conditional or nested statements). Any con-
structive communication would involve presenting argumentation that links multiple elements
of the problem or solution

00— *
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Level Descriptions

(May 2013)

1
2
3
4,
S

. Communication:
. Devising strategies:

. Mathematising:
Representation:

. Using symbols, operations
and formal language:

6. Reasoning and argument:
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ZENERIENENE TR ZEREIFZE) » Rz HEANE
SKIKZE (FBA T1EIEL ) -

AR WA BRGIR{E

EEx It A ERIF K KEZ ERES

-

BIERE RS EFE R

o

a /

EALRAUARRETE




Using Competencies to Explain Mathematical ltem Demand:
A Work in Progress

Level Descriptions

(May 2013)

1. Communication:

2. Devising strategies: mx{E7KZE (7KZEQ) P RIBRERGFEN T FEAERE » 550 0) Fek 25 n ILENBR AR5
3. Mathematising: 15 ks ,\Ejﬁﬁgnﬂui’ﬁ—i{ iR (I HEFErEHERENS) UKRPTRAERIER
4. Representation: BEEFBFRKTELH

5. Using symbols, operations

and formal language: ZERE S RIERABRENERIEEIR 0 B2 REENXARNIER » WEF
6. Reasoning and argument: £ R RE R PRI A [E]F ,U\JE?\ZF&EIILZ\‘EE’JE%? °

EEEKE F > BRMASES SR E —(FEEE » —(EfEiiEa —(EE 2 E
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Application of the Scheme

M413Q01T EXCHANGE RATE QUESTION 1(PISA 2003 SURVEY)

Exchange rate

Mei-Ling from Singapore was preparing to go to South Africa for 3 months as an
exchange student. She needed to change some Singapore dollars (SGD) into
African rand (ZAR). A

Question 1

Mei-Ling found out that the exchange rate between Singapore dollars and South

African rand was
1 SGD =4.2 ZAR

Mei-Ling changed 3000 Singapore dollars into South African rand at this exchange

rate.
How much money in South African rand did Mei-Ling get?

Fig. 4.1 M413Q01 Exchange rate Question 1 (OECD 2006)
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M413Q01T EXCHANGE RATE QUESTION 1(PISA 2003 SURVEY)

Exchange rate

B RZEE > FE2ERGERNER (BXAREN) MU
Mei-Ling from Singapore was preparing to go to South Africa for 3 months as an 5
=]

(
exchange student. She needed to change some Singapore dollars (SGD) into &_E I:t@ J EI:‘E-P:EH g El:ﬁ /’E$E’J %&E I"] J:EE% ?‘23100013 E 'ﬁ‘_

)Ciﬁi

o

African rand (ZAR). A
Question I ﬁﬁ HETE 253,000k U4.2 » 5H12,600 ZAREEZ
Mei-Ling found out that the exchange rate between Singapore dollars and South 7|< © Eitggﬁ\*ﬁ 7‘7_7'_%;2'] 15_”17‘5\1 5 }‘J-/Q\JHD FEﬁEE ?

African rand was
1 SGD =4.2 ZAR

Mei-Ling changed 3000 Singapore dollars into South African rand at this exchange
rate.
How much money in South African rand did Mei-Ling get?

Fig. 4.1 M413Q01 Exchange rate Question 1 (OECD 2006)
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M413Q01T EXCHANGE RATE QUESTION 1(PISA 2003 SURVEY)

Exchange rate 1. Communication:7KZ#1--SGDFIZAR ~ 3B A S HAZE « ZEE TR

%%i%’i%}%%ﬁ?ﬁ? ol i gsf,ﬁfeSé’?rfgaﬁcficadﬁfaism&gg)a?rﬁg FIERRYE (453,000 SGDEEAZAR) |
Devising strategies:7JKZE1--Z8EF T » ke MEEIEAZ3,0001E E 11

. Mathematising:7ZKZE2--B{Z2EH ~ & IEiRH)f 4538 FH EE 3

Representation: ZKZEQ--EfMEE N EZE

Using symbols, operations and formal language:7KZE 1 --+ &I/ NEYAY SR TE

Question 1

Mei-Ling found out that the exchange rate between Singapore dollars and South
African rand was
1 SGD =4.2 ZAR

Mei-Ling changed 3000 Singapore dollars into South African rand at this exchange
rate.
How much money in South African rand did Mei-Ling get?

oA W N

. Reasoning and argument:7KZEQ

Fig. 4.1 M413Q01 Exchange rate Question 1 (OECD 2006)
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PM9242Q01 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

Climbing mount fuji

Mount Fuji is a famous dormant volcano in Japan

\\

’T\‘"«ﬂ

—(ERIREPM942Q01%1E 4.2 » B3Rt E 45 T IFRE]
RAEHHEEENEH= -

S W
v

«d
o e S
‘} .w, _ _ .
i_;ﬁ%__, THEE > TERSENENE (TIEERANEE
Qoo . Bi) MREXH (AATENEETESEY) -
Mount Fuji is only open to the public for climbing from 1 July to 27 August each
: RS B - ,‘_,‘_
O ook, NIUE 0w i peogte ol Mo Thih ek At AL - —TERIBEINENRRE > WAFHBERAEES
s o & DSTE (SAKEE) SRIOTIHAY -
C 3400
D 7100
E 7400

Fig 4.2 PM942Q01 Climbing Mount Fuji Question 1 (OECD 2013a)
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PM9242Q01 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

Climbing mount fuji

Mount Fuji 1s a famous dormant volcano in Japan.

mE—ERIRRTERIAZ > JRE] J\%IBALHQ%I (5]
IFEA) RERMIEER - E2—ERERER » B ERAEBEH
Ao ARG S S » 2R EA] Xi‘%ﬂ‘\%—'iﬁttﬁ ABURE

oreton! ' R EEBIFTEJuly/1~Aug/27 » $58K) » —F

S EHY A R]
Mount Fuji is only open to the public for climbing from 1 July to 27 August each A | Ak
year. Abo{]lt 2000}(;O§:opleclim1:) Mou.ntFujidurging?.histimeZ . ﬁE/_\EEI:I EI-ZOO,OOO / 60 (= 3,333) *DZO0,000 / 50
On average, about how many people climb Mount Fuji each day? o ) ‘EE = A
B 710 — _ \pp s
C 3400 N *]%ZFEﬁ HIME—3%E1E » KIIEEEEEC o
E 7400

Fig 4.2 PM942Q01 Climbing Mount Fuji Question 1 (OECD 2013a)
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PM9242Q01 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

Climbing mount fuji

1. Communication:ZKZE1 - R B BN E > W2 —E"F1IME"

2. Devising strategies:ZKZE2--$E KRB » BIABRGE S AZAVEER » 70 K1
TR e

3. Mathematising:7KZE1--FANIFE BRIV FIIAEL

Representation: 7K ZEQ - FHHE AR E

Mount Fuji 1s a famous dormant volcano in Japan.

P

Question 1 . S y
| 5. Using symbols, operations and formal language:7KZE 1 -- i {[E /i (AL L0

Mount Fuji is only open to th-e public for c]ir.r.lbmg. from.l ..Iuly to 27 August each - A L
L I % BEME (7TEBNAKRE) UKIREGTESLGR -

A 340 6. Reasoning and argument:ZKZEQ--# 35 B {t #1875 5

C 3400

D 7100

E 7400

Fig 4.2 PM942Q01 Climbing Mount Fuji Question 1 (OECD 2013a)
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PM942Q02 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

PM242Q02

i ELl EMBISHEROIAR - 1
Question 2 RIEARRA18ABNSITIRIZHFIR(E -
The Gotemba walking trail up Mount Fuji is about 9 kilometres (km) long.
?oaslllfiefesstlillflea?tetsotilee::l l;:: f;;)lrln \:lglekltglpkltllllewftlll(l)(u?l}t,a?npﬁ l.§ kilometres per hour on TOSh I1|_'_'|_E'|'1'|i’,zzi/=j ZEI\E L\/(':_ /J \H§1 5//;\\5 El/] zt J-I ?\j\i ‘fé L\/(ﬁﬁ
average, a.nd down at twice that speed. These speeds take into account meal breaks ﬁ% EI ,\J ?L;E 1§_F u_ . ?L_%_ Jﬂ:?jﬁ g % }l:%,\ T ?7& | %R: H FEﬁ D 'V‘,L,\ H—_l' FEﬁ

and rest times.
Using Toshi’s estimated speeds, what is the latest time he can begin his walk so that

he can return by 8 pm?

B et F8Fh 2

-y

[T

‘<Fr

A

xToshif EAVRE » ittt r] ATERR L 834 2 iR [0l AV &= bR 1 25
i el 2T EERH i ?

Fig. 4.3 PM942Q02 Climbing Mount Fuji Question 2 (OECD 2013a)
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PM942Q02 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

g“IJ_IJ:E’JﬁI]Exiﬁ*ﬁLw%z’J?/&EH » S ExrE AR E E]
e Ll TITEFEEMR L8R ZAIIE 18 A BN T 1TIRIZHRRI] -
Question 2
The Gotemba walking trail up Mount Fuji is about 9 kilometres (km) long, oshifhs Tt IO AR/ N1 S AENZRENE LI » 31:

Walkers need to return from the 18 km walk by 8 pm. Awi S u;b 3 LR O H +g
Toshi estimates that he can walk up the mountain at 1.5 kilometres per hour on kg 1 EI’JL X_F IJ-I ° 28 X%FE T L']%: H_J' Eﬁ * [ 17|§1L:\H B] °©

average, and down at twice that speed. These speeds take into account meal breaks — ﬁg 12,}? ZE%U _F u_l IEJ: 1] 'z,j_i_ = E’] 21 1? -+ |J_ ]E
. VAR NN  — 7N\

and rest times.
Using Toshi’s estimated speeds, what is the latest time he can begin his walk so that
he can return by 8 pm?

{ERToshilABHRE » &1 —RFAIRD 1T R LATERR 8%,

Fig. 4.3 PM942Q02 Climbing Mount Fuji Question 2 (OECD 2013a)
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PM942Q02 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

SEIVSEEN (oo L SitEa

SART SUrMIT FINISH

Question 2 - , — |

Climbing Mount Fuji

The Gotemba walking trail up Mount Fuji 1s about 9 kilometres (km) long.
Walkers need to return from the 18 km walk by 8 pm.

Toshi estimates that he can walk up the mountain at 1.5 kilometres per hour on
average, and down at twice that speed. These speeds take into account meal breaks
and rest times.

Using Toshi’s estimated speeds, what is the latest time he can begin his walk so that
he can return by 8 pm?

Fig. 4.3 PM942Q02 Climbing Mount Fuji Question 2 (OECD 2013a)

Fig. 4.4 Calculation procéSs for PM942Q02 Climbing Mount Fuji, Qu*e»svtlon 2
I _
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PM9242Q02 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

1. Communication:ZKZE2-FAXH T4 ERVEERE > BSRAPRH - REFERERY
2 BB o
2. Devising strategies:ZKZE2--A M EE &S E: BEH T 1THSE ~ Eol[R L 232

— RIS S B
3. Mathematising:7K%E2--B M1{EZEED R (GTE BB/ FEE/FFEREZ « Rk

The Gotemba walking trail up Mount Fuji is about 9 kilometres (km) long.

Walk.ers geed to return from the 18 km walk by 8 pm. . LLI ﬁ;%ﬂ Fﬁ R J( /=3 PaN EE k /=3
Toshi estimates that he can walk up the mountain at 1.5 kilometres per hour on L] |18 ZE7 —|—' ) i ZE7 —|—'
average, and down at twice that speed. These speeds take into account meal breaks . |—‘—| fiu

and rest times. " . J( _ $ == O ﬂmzm )%_[

Using Toshi’s estimated speeds, what is the latest time he can begin his walk so that 4 . Qe p resen tatl on. 7 O AT =X \<1 S

he can return by 8§ pm?

5. Using symbols, operations and formal language:7KZE2--E45D » S » T
I W ERNARRATIV > PUTRIEIRYEIA S B 27KE
1) » SFERZIKZEE2
6. Reasoning and argument:ZKZEQ--FEE—HEIE T KETH » ArEEE—

Fig. 4.3 PM942Q02 Climbing Mount Fuji Question 2 (OECD 2013a)
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PM9242Q03 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

HYDEY

Climbing Mount Fuji Toshi&EaT D a3 Kt Bt /o S H IS T BITE

Question 3

\

fRYET D 23 B8Rt E £ 225004 o

Toshi wore a pedometer to count his steps on his walk along the Gotemba trail.
His pedometer showed that he walked 22 500 steps on the way up.

Estimate Toshi’s average step length for his walk up the 9 km Gotemba trail. Give your + &5 JJLEE 0 /\ EHaAl T
answer in centimetres (cm) 1I'_'I E‘TOS h I /|:| 9 A —— E/\J 1ﬁ|] ﬁiiﬁ ./ 5\_1 J A_

\
1
ITH
T
-]
N
\D}
Nt
Pl
o

Answer cm L\/U'_—E_E%K (Cm) %Eg'fﬁ,n/fl\tj%% ©

Fig. 4.5 PM942Q03 Climbing Mount Fuji Question 3 (OECD 2013a)
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PM9242Q03 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

(e EARIERE T E22,500%5 » F1IF R EZIEREFRIA

Climbing Mount Fuj 22,500 = #9 kmi§H£900,000cm > LG ERRIN
Question 3 22,5005 KT HETE » FHFIITRA40cm -
Toshi wore a pedometer to count his steps on his walk along the Gotemba trail.

His pedometer showed that he walked 22 500 steps on the way up. 900000+-22500=40

Estimate Toshi’s average step length for his walk up the 9 km Gotemba trail. Give your
answer in centimetres (cm).

Answer cm

Fig. 4.5 PM942Q03 Climbing Mount Fuji Question 3 (OECD 2013a)
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PM9242Q03 CLIMBING MOUNT FUJI (PISA 2012 SURVEY)

Climbing Mount Fuji
Question 3

Toshi wore a pedometer to count his steps on his walk along the Gotemba trail.

His pedometer showed that he walked 22 500 steps on the way up.

Estimate Toshi’s average step length for his walk up the 9 km Gotemba trail. Give your
answer in centimetres (cm).

Answer cm

Fig. 4.5 PM942Q03 Climbing Mount Fuji Question 3 (OECD 2013a)
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